Abstract. This is a study of a certain Calabi-Yau threefold, and its L-series, which from preliminary calculations appears to be a modular form of weight 4 and level 6.
Introduction
This work arose from considering varieties obtained from root lattices V] . For some root lattices R, we can obtain pencils of Calabi-Yau type varieties and we can also make the ambient space into a Calabi-Yau type variety, Z R . Several families of elliptic curves and K3 surfaces can be obtained in this way, not to mention higher dimensional families. In V] the Picard-Fuchs equations for some of these pencils are given. See V] for details of these calculations.
Since the equations de ning the varieties have coe cients in Z, we can also look at the arithmetic of the situation. I.e., we can ask how many integer solutions there are to the equations. This leads to the study of the L-series. The problem is to determine the L-series of the pencil. The L-series is expected to be related to the Picard-Fuchs equations, as in the cases considered in S2].
Strong evidence that the L-series for Z A3 is ( ( ) (2 ) (3 ) (6 )) 2 , is given by Theorem 3.5 of this paper, which shows that there is a congruence relation between the coe cients of the L-series, and the coe cients of an expansion for a period. Here is the Dedekind eta function, given by ( ) = q 1 24 Q (1 ? q n ), where q = e 2i . The results of S2] suggest that there should be such a relationship for the L-series, and H] should show that we will obtain a modular form for the L-series, so given the congruence relation, this should determine the L-series uniquely.
Several examples of pencils of elliptic curves and K3 surfaces can be viewed as arising from this construction. (See V].) So this is a good place to look for more examples, and eventually it is hoped that some general results for these pencils of varieties arising from root lattices can be found. In the case of A n root lattices and products of this type of lattice, we get pencils of Calabi-Yau type varieties. In the A 1 A 1 A 1 and A 3 cases, the pencils of K3 surfaces are related to pencils of elliptic curves, which suggests that we should expect these Calabi-Yau three folds to be modular, that is, the Mellin transform of the L-series is a modular form. There is reason to expect that this happens more generally for pencils from other lattices of this type. Proof. By analyzing what is added by the resolution of the singularities, and using the Lefschetz xed point theorem, we obtain the expression for a n . By pairing up bers and using this expression, we get the parity. (4 )) 4 ; which is a cusp form for ? 0 (8).
Proof. The cusp form ( (2 ) (4 )) 4 has weight 4 and conductor 8. The q expansion of ( (2 ) (4 ) The coe cients of ( (2 ) (4 ) The following result relates the period to the L-series:
Theorem 2.4. a n vn?1 2 mod n.
Proof. See B] 3. The A 3 case: Now we would like to repeat all the above analysis for the A 3 case, though the A 3 case is more complex, as the action of the Frobenius automorphism will not be trivial. We consider Z A3 , a Calabi-Yau threefold, de ned over Q, locally given by Z A3 : (1 + x + xy + xyz)(1 + z + zy + xyz)t = (t + 1) 2 xyz; plus some blowing up. So far this work is not completed, but Theorem 3.5, and the ideas of S2] suggest that the modular form we expect to nd is:
( ( ) (2 ) (3 ) (6 )) 2 :
3.1. Construction of the Calabi-Yau threefold Z A3 . There are several ways of thinking about the Calabi-Yau threefold under consideration. First it can be described by a toric construction; second it can be described by taking P 3 , and applying a sequence of blow ups and a change of base (it is also considered as a bre space). Also it can be viewed as coming from a kind of bre product of a pencil of elliptic curves.
The toric construction begins with a root lattice A 3 . See V] for details. I'll describe the other two ways of thinking about Z A3 in more detail.
3.1.1. Construction of Z A3 starting from P 3 . Here Z A3 will be de ned over 3.2. The bration of Z A3 . In terms of the rst construction, Z A3 has a bration given by : Z A3 ! P 1 , with bre X t a K3 surfaces, given by: X t : (1 + x + xy + xyz)(1 + z + zy + zyx)t = (t + 1) 2 xyz: X t is a smooth K3 surface for general t. The Picard number (X t ) of X t is 19 for general t, by V] Proposition 2. The monodromy group for this pencil is the group G de ned above.
3.2.1. The singular bers. For general t, the bre X t is a smooth K3 surface.
The singular bers are as follows: = (t?1) 2 t = 12: X t has an isolated singularity, at (x; y; z) = (1; 1; 1). So whether these singularities appear over F p will depend on the solutions of (t?1) 2 = 12t over F p . = (t?1) 3.3. The L-series. First we will need to know the Hodge numbers, the Euler characteristic (Z A3 ), and Picard number (Z A3 ) for the calculation of the L-series. Z p (Z A3 ; s) = P 1 (t)P 3 (t)P 5 (t) P 0 (t)P 2 (t)P 4 (t)P 6 (t) ;
where P i (t) = det ( However, this will not always be the case. Further analysis is necessary to determine what happens for other primes, though we can see immediately that we will have P 4 (t) = Q(t)(1 ? p 2 t) 48 ; for some quadratic Q(t).
The L-series is expected to be a modular form of weight 4, and should be related to the expansion of a period, as in S2]. The following lemmas show that ( (q) (q 2 ) (q 3 ) (q 6 )) 2 satis es the expected relation. Lemma 3.4. Let n and~ n be given by the q?expansions: X n 1 n q n = ( (q) (q 2 ) (q 3 ) (q 6 )) 2 X n 1~ n q n = ( (q) (q 2 ) (q 3 ) (q 6 )) 2 + 8( (q 2 ) (q 4 ) (q 6 ) (q 12 )) 2
Then for any odd prime p, to the pth coe cient in the q?expansion of ( ( ) (2 ) (3 ) (6 )) 2 . Then since these are both modular forms of weight 4 and level 6, they must be equal. Hence from the preceding, we have the following:
Conjecture 3.6. The L-series of Z A3 is ( ( ) (2 ) (3 ) (6 )) 2 .
Note that this is a modular form of weight 4 and level 6. The bad primes of Z A3 are 2 and 3, since for 2 and 3 the above analysis of singular bers breaks down (e.g., the singular bers X 0 and X 12 will coincide). So it is to be expected that the level will be 6.
